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Stepped Spillway Downstream of a Piano Key Weir – Critical Length 
for Uniform Flow 
A. Silvestri, S. Erpicum, P. Archambeau, B. Dewals & M. Pirotton
HECE Research group, Argenco Department,University of Liège, Belgium 
ABSTRACT: Recent researches showed the rapid aeration of the flow downstream of piano key weirs. 
This could be related to the specific geometric features of the structure, creating several interacting flows 
and jets downstream. In order to validate this assumption, an experimental research has been carried out 
at the Laboratory of Engineering Hydraulics, University of Liège. The main objective of the study was to 
analyze the energy dissipation occurring in skimming flow conditions on a stepped spillway downstream 
of a piano key weir (PKW). Comparison with energy dissipation on a stepped spillway downstream of a 
standard ogee crested weir has been performed. An indirect method has been used to determine the resid-
ual energy at the spillway toe. The results show that uniform flow conditions are reached faster on a 
stepped spillway downstream of a PWK compared to the length needed downstream of a standard ogee 
crested weir. Extrapolation of the results to prototype flow conditions is also discussed with regards to 
scale effects influence. 
Keywords: skimming flow, uniform flow, hydraulic jump, conjugate depths equation, local head loss 
1 INTRODUCTION  
Stepped spillways are used in dam construction to reduce the length or eliminate the stilling basin at the 
dam toe by dissipating energy along the spillway. They enable also to decrease the erosion risk due to 
cavitation by providing natural aeration. They are usually built downstream of standard ogee-crested 
weirs.  
Two distinct flow regimes may occur on stepped spillways: nappe flow and skimming flow. In nappe 
flow the steps act as a series of overfalls with the water plunging from one step to another. In skimming 
flow, the water flows as a coherent stream over the pseudobottom formed by the outer step edges, without 
air pockets under the jets and with development of intense recirculating zones in the triangular cavities 
formed by the step faces and the pseudobottom. These vortices are maintained by the transmission of 
shear stress from the coherent stream over the pseudobottom and contribute significantly to the energy 
dissipation for this type of regime. The nappe flow is found for large steps and low discharge whereas the 
skimming flow appears for small steps and high discharge. Between these both flow regimes, there is a 
transition regime where both nappe and skimming flows occur simultaneously in different parts of the 
stepped spillway (Boes and Hager, 2003a).  
For a stepped spillway with skimming flow regime, as studied in this paper, the free-surface of the 
flow is smooth in the early steps and no air entrainment occurs. Close to the bottom, turbulence is gener-
ated. When the outer edge of the turbulent boundary layer reaches the free surface, air entrainment oc-
curs. Downstream of the point of inception of air entrainment, the flow becomes rapidly aerated. A mix-
ture of air and water extends gradually through the fluid. Far downstream, the flow becomes uniform. 
From this moment, air concentration flow, velocity and water depth remain nearly constant along the 
spillway (Chanson, 1994). A criterion has been proposed by Boes et Hager (2003a) to predict the mini-
mum vertical distance Hdam,u from spillway crest needed to reach uniform flow depending on the critical 
depth hc and the slope  of the spillway: 
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When uniform flow conditions are reached on a stepped spillway, Boes and Hager (2003a) suggest to cal-
culate the residual energy head Ef,u at the spillway end as 
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where Emax is maximum reservoir energy head, Hdam is the dam height and F is a parameter related to the 
the bottom roughness. This relation has been established analytically from the general equation for water 
curves (Hager and Boes, 2000). Its validity has already been proven in several searches by comparison 
with experimental data. 
Equation (2) is independent of the type of weir upstream of the stepped spillway as uniform flow char-
acteristics are related to the discharge and the spillway features. 
The specific geometric features of the piano key weirs create several interacting flows and jets down-
stream of the structure, enhancing thus the aeration of the flow. An experimental study has been con-
ducted at the Laboratory of Engineering Hydraulics, University of Liège, to compare, in an idealized en-
vironment, the energy dissipation on a stepped spillway downstream a PKW and downstream of a 
standard ogee-crested weir. In particular, the study aims at verifying whether uniform flow conditions can 
be reached faster on stepped spillway placed downstream of the PKW than downstream of an ogee-
crested weir. 
First results were published by Erpicum et al. (2011). Two geometries of PKW were considered as 
well as a standard ogee-crested weir upstream of the same stepped spillway model. Thanks to sufficient 
length of the stepped spillway (Hdam/hc=16.1 to 58.8), uniform flow conditions were reached at the spill-
way toe for almost the whole range of tested discharges. Therefore, the resulting energy at the spillway 
toe was equivalent downstream of the PKWs and downstream of the standard ogee crested weir. How-
ever, for the same specific discharge on the spillway, important differences in the flow features were ob-
served. Indeed, with both PKW geometries, the flow was fully aerated immediately downstream of the 
PKW, while this was not the case downstream of the ogee-crested weir.  
In the present study, the experimental facility used by Erpicum et al. (2011) has been modified to re-
duce the spillway length. Several spillway lengths have been tested to generalize criterion proposed by 
Boes and Hager (2003a) for stepped spillways downstream of PKWs.  
Extrapolation of the results to prototype flow conditions is also discussed. Though not experimentally 
verified, scale effects are not anticipated due to criteria involving the Weber (Kobus, 1984) and Reynolds 
(Rutschmann, 1988 and Speerli, 1999) numbers.   
2 EXPERIMENTAL FACILITY AND METHODOLOGY 
Experimental data were obtained on a facility (Figure 1) made of a 0.494m wide stepped spillway with a 
slope of 52° and regular steps of  2.4cm in length and 3cm in height. The spillway is linked to an up-
stream reservoir and a 4.20m long downstream horizontal channel. Thanks to an adoptive support system, 
the length of the spillway can be easily modified from 0 to 1.30m. All the walls of the facility (sidewalls, 
channel bottom, weirs and spillway) are made of steel, PVC or Plexiglas in order to minimize friction ef-
fects. The upstream reservoir is fed by a regulated pump connected to a pressurized pipes network. The 
downstream extremity of the horizontal channel is equipped with an adjustable vertical gate. 
Tested discharges ranged from 5l/s to 80l/s. They have been measured in the upstream pipe using an 
electromagnetic flow meter (accuracy of 1%). The water depths in the upstream reservoir and along the 
horizontal channel have been measured by ultrasonic probes (frequency of 10Hz, resolution of 0.025mm 
and accuracy of 2%). Because of small free surface oscillations, water depth measurements have been av-
eraged on a period of 90s to define a single water depth value in each point.  
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(b) (a) 
Figure 1: Global view of the experimental facility (a) and view of PKW2 and spillway [Position II] (b). 
In the present study, three different dam heights have been considered, namely Position I, Position II and 
Position III, corresponding to a spillway length of 1.27m, 1.04m and 0.62m respectively. Three different 
models of weir have been tested upstream of the stepped spillway: a standard ogee-crested weir (Dewals 
et al., 2004) and two geometries of piano key weirs, noted PKW1 and PKW2 (Erpicum et al., 2011). The 
dimensions of the PKW2 are generally 1.6 times smaller than PKW1 ones, except the spillway width and 
the walls thickness which are constant. PKW1 represents 1.5 inlets and 1.5 outlets while PKW2 represents 
2.5 inlets and 2.5 outlets. Their dimensions are summarized in Table 1. They are both “modified type A 
PKWs”, i.e. with downstream and upstream overhangs of different lengths. Steps have been built in the 
outlets to improve energy dissipation. The dam’s heights (from crest of weir to spillway toe) are given in 
Table 2 for all combinations of weir’s type and Position (I, II or III).  
T able 1.  General dimensions and aspect ratios of PKW1 and PKW2. 
Wi
[cm] 
W0 
[cm] 
Ts 
[mm] 
P 
[cm] 
B 
[cm] 
Bb 
[cm] 
Bi 
[cm] 
B0 
[cm] 
Wi/ W0 
[-] 
P/ Wi 
[-] 
Ts/ Wi 
[-] 
Lu/ Wu 
[-] 
PKW
1
16.9 12.3 15 26.2 62.3 37.4 11 13.9 1.37 1.55 0.09 4.78 
PKW
2
9.8 7.7 10 16.3 38.8 23.3 6.8 8.7 1.27 1.66 0.10 4.88 
T able 2.  Dam heights (Hdam) for all tested combinations of weir type and Position (I, II or III). 
Standard weir PKW1 PKW2 
Hdam,I 1.067 1.282 1.183 
Hdam,II 0.887 1.102 1.003 
Hdam,III 0.552 0.767 0.668 
(b) (a) (c) 
Figure 2: Pictures of standard ogee-crested weir (a), PKW1 (b) and PKW2 (c). 
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Experiments consisted in measuring and comparing, for constant discharges, the energy dissipation along 
the stepped spillway depending on the type of upstream weir. This energy dissipation has been calculated 
as the difference between the energy measured in the upstream reservoir E0 and the energy at the spillway 
toe Ep.  
Because of air entrainment and high flow velocity at the spillway toe, the residual energy Ep is difficult 
to determine accurately by a direct measurement of the water depth and flow velocity. Therefore an indi-
rect method has been used; consistently with Matos and Quintela (2004), Shvainshtein (1999) or Erpicum 
et al. (2011). It consists in creating a hydraulic jump in the downstream horizontal channel by means of a 
gate, to measure the flow energy downstream of the jump, where flow depth varies less and aeration rate 
is smaller, and then to calculate the water depth at the spillway toe and the residual energy using the con-
jugate depths equation. 
Tested discharge ranged from 5l/s to 80l/s (specific discharge from 0.02l/s to 0.162l/s). A sketch of the 
experimental facility is shown in Figure 4. 
3 RESULTS AND DISCUSSIONS 
3.1 Qualitative observations 
The first result of the tests consist in a visual confirmation of previous observations by other researchers 
such as Erpicum et al. (2011) and Ho Ta Khanh et al. (2011). For the same specific discharge, important 
differences have been observed in the flow downstream of the spillway depending on the type of weir 
(Figure 3).  
With both PKW geometries, the flow is fully aerated directly after the weir toe, while this is not the 
case with the ogee-crested weir. The inception point downstream of a PKW is significantly closer to the 
spillway crest than downstream of an ogee-crested weir. As a result, the energy dissipation on a stepped 
spillway downstream of a PKW should be different from downstream an ogee-crested weir. In the next 
subsection, we show that uniform flow conditions are reached faster downstream of a PKW than down-
stream of the ogee-crested weir. Another consequence of this higher aeration is a reduction of the cavita-
tion risk, so that it should be possible to avoid the construction of aerators in the non-aerated region. 
 (b) (c) (a) 
Figure 3: Change in the inception point location along the spillway between standard ogee-crested weir and PKWs (Position I, 
Q = 30 l/s, q = 0.06 m²/s): standard ogee-crested weir (a), PKW1 (b) and PKW2 (c). 
3.2 Quantitative analysis 
For a given discharge, upstream energy E0 can be evaluated directly from the water depth h0 measured by 
the ultrasonic probe in the upstream reservoir. Indeed, under the assumption of a uniform velocity distri-
bution across the reservoir cross-section, E0 is given by 
2
0 0 2
vE z h
g
    (3) 
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where z is the reservoir bottom elevation from the downstream horizontal channel bottom level and v the 
mean velocity through the reservoir cross section. To be consistent with the uniform velocity assumption, 
the probe used to measure the water depth h0 is located at a horizontal distance from the weir crest longer 
than twice the maximum head on the weir (Paternoster, 1963).  
In all tests, the hydraulic jump was located exactly at the spillway toe (Figure 4 - b). 
Figure 4: Sketch of the experimental facility (a) and localization of the hydraulic jump at the spillway toe (b). 
(a) (b) 
The water depth at the spillway toe is thus equal to the first conjugate depth h1 of the jump. To solve the 
conjugate depths equation (equation (4)), the second conjugate depth h2 has been evaluated as the mean 
value measured using a maximum of six ultrasonic probes arranged along the downstream part of the 
channel. Indeed, friction effects along the subcritical section of the channel have been found to be negli-
gible.  
3
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The residual energy Ep in the horizontal channel at the spillway toe can be calculated from the first conju-
gate depth h1 using equation (5), similar to equation (3).  
 21
1 2p
q h
E h
g
  . (5) 
To evaluate the residual energy at the spillway toe in the spillway, the local head loss due to the slope 
change at the horizontal channel inlet needs to be considered. To evaluate this local head loss, only the 
results of the tests carried out with the ogee crested weir and with an Hdam/hc ratio higher than the limit 
provided by equation (1) have been considered. In practice, working with 90% of the limit given by equa-
tion (1) and with our geometry of facility, we had Hdam,u/hc equal to 18.4. For these tests, the flow in the 
spillway is uniform and the corresponding residual energy Ef,u may be computed using equation (2). ΔEim-
pact may thus be simply computed as  
,impact p f uE E E   . (6) 
From ΔEimpact values and assuming a classical form for the local head loss equation, we obtain  
 21
2impact
q h
E k
g
  (7) 
where h1 is the first conjugate depth giving by equation (4), a constant local head loss coefficient k equal 
to 0.627 is found (Figure 5). 
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Figure 5: Determination of the local head loss coefficient k value at the spillway toe. 
Whatever the discharge, the theoretical residual energy head in uniform flow conditions at the spillway 
toe in the horizontal channel Epuni may be calculated as  
 21
max 3 2
2
uni
p
dam
c
q hFE E kH g
h
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
.      (8) 
Epuni is only a function of the spillway characteristics and discharge, and not of the upstream weir type. 
The comparison of this theoretical value with the residual energy measured at the spillway toe is shown in 
Figure 6 for all the PKW geometries and discharges considered in this study. 
(a) (b) 
Figure 6: Correlation between the theoretical uniform energy at the spillway toe Epuni and the measured residual energy Ep for 
PKW configurations. White symbols for uniform flow energy and black symbols for non-uniform flow energy.  
Figure 7 shows the ratio between Epuni and Ep as a function of Hdam,u/hc. The critical dam height to reach 
uniform flow conditions downstream of the ogee-crested weir as defined by Boes and Hager (2003a) ap-
pears too high when the spillway is fed by means of a PKW. The limit ratio for stepped spillway fed by 
PKW is around 14.5. This value is valid for the tested spillway and weir geometry. Nevertheless, these 
results prove that using a PKW as upstream weir with a stepped spillway enables to reach uniform flow 
conditions on a shorter spillway compared to the length needed downstream of a standard ogee crested 
weir. 
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Figure 7: Ratio between theoretical uniform flow energy Epuni and measured residual energy Ep at the spillway toe as a func-
3.3 Scale effects 
 been analysed to evaluate whether the conclusions of the present study, resulting from 
l 
or 
tion of non-dimensional dam height Hdam/hc.  
Scale effects have
scale model tests, can be upscaled to a prototype scale. Indeed, highly turbulent air-water flows cannot be 
modelled without scale effects when using Froude similitude, because of the significant role of viscosity 
and surface tensions (Boes and Hager, 2003b). For a true similarity of the aeration process between mod-
el and prototype, the Froude, the Reynolds and the Weber similarity laws should be fulfilled simultane-
ously (Kobus, 1984). Therefore, care must be taken when upscaling model results to the prototype scale. 
Kobus (1984) proposes Reynolds numbers Re with flow depth as reference length (equation (9)) equa
higher to 105 to minimize viscous effects.  
5Re 10q  . (9) 
Rutschmann (1988) and Speerli (1999) concluded both that the Weber number W, with the flow depth as 
the reference length, should be at least 110 for surface tension effect to be negligible (where depth-
averaged mixture velocity ūm is calculated with the critical depth hc of the flow on the spillway and Ls is 
the distance between two successive edges step) – equation (10).  
2
2
110m c
s s
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L L
 
 
      . (10)  
Considering our geometry and the range of tested discharges, Reynolds number varies between 2.4 104 
4 CONCLUSIONS 
The present experimental research has been carried at the Laboratory of Engineering Hydraulics, Univer-
and 1.6 105 and Weber number varies between 179 and 716.2. Consequently, the results of the study can 
be extrapolated to a prototype scale without modification. 
sity of Liège, with the main purpose to study the energy dissipation occurring in skimming flow condi-
tions on a stepped spillway downstream of a piano key weir (PKW) by comparison with the theory for 
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stepped spillway downstream of a standard ogee crested weir. The results confirmed the rapid aeration of 
the flow downstream of piano key weirs due to the specific geometric features of the weir, creating sev-
eral interacting flows and jets downstream of the structure. Indeed, with PKW geometry, the flow is fully 
aerated directly after the weir toe, while it is not the case with the ogee-crested weir. The inception point 
downstream of a PKW is significantly closer to the spillway crest than downstream of an ogee-crested 
weir. 
The results showed that using a PKW as upstream weir enables to reach uniform flow conditions on a 
sh
bus (1984), Rutschmann (1988) and Speerli (1999) and having a 
Re
rgy dissipation along 
a s
NOTATIONS 
g gravitational acceleration  
ir 
 
 epth 
y) 
iform distribution on the section) 
nel and the bottom of the upstream reservoir 
nd (uniform flow conditions established) 
 

  close uniform equivalent clear water flow 
l to sidewall) 
 
pact ange of slope between spillway and downstream horizontal channel 
nd water 
orter stepped spillway compared to the length needed downstream of a standard ogee crested weir. The 
critical dam height to reach uniform flow condition downstream of the ogee-crested weir appears too high 
when the spillway is fed by a PKW. Indeed, with our geometry, the limit ratio Hdam,u/hc, as defined by 
Boes and Hager (2003a), for stepped spillway fed by PKW is estimated around 14.5 whereas it is 18.4 
downstream of the ogee-crested weir.   
Finally, from criteria defined by Ko
ynolds number which varies between 2.4 104 and 1.6 105, respectively Weber number, between 179 
and 716.2, it can be concluded that scale effects have a limited influence in the tested configurations. 
Consequently, though not experimentally verified, scale effects are not anticipated. 
The present experimental research has been carried on with goal to study the ene
tepped spillway downstream of a PKW when the non-uniform flow conditions are installed. 
h0 water depth in the upstream reservo
h1 first conjugate depth (supercritical) 
h2 second conjugate depth (subcritical)
hc critical depth (on the spillway) 
hw,u uniform equivalent clear water d
k local loss coefficient 
q specific discharge
s step height (stepped spillwa
v flow velocity (hypothesis of un
z vertical distance between the floor of downstream horizontal chan
B upstream-downstream length of the PKW B = Bb + Bi + B0 
B0 upstream (outlet key) overhang crest length 
Bi downstream (inlet key) overhang crest length 
Bb base length 
m reservoir E0 energy in the upstrea
Ef,u residual energy head at spillway e
Emax maximum reservoir energy head 
Ep energy at the spillway toe 
F* roughness Froude number 
Hdam height of dam 
e from spillway crest toHdam,u vertical distanc
Lu developed length of the PKW unit along the overflowing crest axis 
Ls = s/sin distance between step edges, roughness spacing 
P height of the PKW 
 Re Reynolds number 
Ts sidewall thickness 
W Weber number 
Wu width of a PKW unit 
alWi inlet key width (sidew
W0 outlet key width (sidewall to sidewall)ΔEim local head loss due to flow impact at the ch slope of stepped spillway 
r ν kinematic viscosity of wate
ρ density of water 
tween air aσ surface tension be
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